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Abstract

The problem of uniform distribution of points on surfaces in multi-dimensional Euclidean
space is considered. Method for uniform distribution of points on analytic surfaces defined by
the parametric method in multi-dimensional Euclidean space is proposed. The proposed method
can be used for uniform distribution of points on the hypersphere and hyperellipsoid, as an
additional method to already existing, and for the uniform distribution of points on the other
parametric surfaces in a multidimensional Euclidean space. Due to generality the proposed
method can be also used for uniform distribution of points on curves in a multi-dimensional
Euclidean space. The method also works in three-dimensional physical space which is an
ordinary for the human perception, and certainly it can be applied to a uniform distribution of

points on curves and surfaces in three dimensional space for various scientific problems.
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uniform distributions of points on surfaces and curves in multi-dimensional space

1. Introduction

The problem of uniform distribution of points on parametric surfaces in multi-
dimensional Euclidean space is important for various field of science such as mathematical
modeling, numerical modeling, Monte Carlo techniques and many others.

In [1-3], methods for uniform distribution of points on hypersphere were presented.
These methods were developed by G. Marsaglia and M. Muller. In [4], the approach for uniform
distribution of points on hypersphere and also its modification for uniform distribution of points
on hyperellipsoid were presented.

It’s important to note that in [5] the universal algorithm for uniform distribution of points
on parametric surfaces in three-dimensional spaces was already proposed and described. In this
paper the method for uniform distribution of points on analytic surfaces defined by the
parametric method in multi-dimensional Euclidean space is proposed. This method is

generalization and development of method proposed in [5].
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The proposed method can be used for uniform distribution of points on the hypersphere
and hyperellipsoid (as additional one to already existing methods), and for uniform distribution
of points on the other parametric surfaces in a multi-dimensional Euclidean space. Due to
generality the proposed method can be also used for uniform distribution of points on curves in a
multi-dimensional Euclidean space. The method also works in three-dimensional physical space
which is an ordinary for the human perception, and certainly it can be applied to a uniform
distribution of points on curves and surfaces in three-dimensional space for various scientific
problems.

The proposed method is enough general for uniform distribution of points on various
surfaces in multi-dimensional Euclidean space because it allows to distribute points uniformly on

arbitrary analytic surfaces in multi-dimensional space which can be defined in the parametric
form r(u,,u,, ...,u,)€ R", n - dimensionality of the space, m - dimensionality of the surfaces
(m<n, m, =n—1).

The proposed algorithm consists of two main parts. The first one is the finding of density

function of the joint distribution of values of parameters u,,u,, ...,u, corresponding to uniform

distribution of points on a parametric given surface. The second one is the generating of multi-
dimensional random variable using generalized Neumann's method called also multi-dimensional

acceptance-rejection method [4].

2. Statement of problem
Let m-dimensional surface be defined by parametric functions in #-dimensional
Euclidean space as

x, (U, uy,...ou,)

X, (Ut s lt,
P,y =| 2 ) | @.1)

x,(u,u,,...,u,)
where the parameters u,,u,,...,u, are defined on the domain

_ min max min max min max
D={u™" <u <u™",u,"™ <u,<u,”,.u,  <u <u""}. (2.2)

m

It is necessary to distribute uniformly points on this surface.
3. Density function of the joint distribution of values of parameters corresponding to

uniform distribution of points on a given surfaces

Let parametric surface be defined by parametric functions
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x (U, uy,...5u,,)
X, (U, uy ... U )

v, uy,.ou, )= - T (3.1)
x,(u,u,,...,u,)

where the parameters u,,u,,...,u, are defined on the domain

D={u"" <u, <u,™,u,"" <u, <u,",..u,"™" <u, <u "™}. (3.2)

It is necessary to find analytically a density function f(u,,u,,...,u,) of the joint
distribution of values of parameters u,,u,,...,u, corresponding to uniform distribution of points

on the considered surface.
In the case when points are uniformly distributed on the considered surface, according to
geometrical interpretation, a probability of entering of any point C on a surface area elementdA ,

on the one hand, can be defined as
P(Cch):df, (3.3)

where
dA = \[gdu,du,...du,,. (3.4)
Here g =det(g;) - determinant of the metric tensor matrix on the surface.

The matrix of the metric tensor on the surface r(u,,u,,...,u, ) has form

i 8 - 8im
_| 82 82 - 8om 3.5
(g,j)— ’ (3-5)
gml ng gmm

or(u,,uy,....u, ) Or(u,,iy,...u,)

ou, ’ ou.

t J

where i,j=1,2,...m, g, =( ) - element of the matrix of the

metric tensor on the surface, ( ..., ...) - denotes the operation of the scalar product of the vector

Uy lly,) ox, (u,, Uy, ..., U,)

ou, auj

1

. . L ox, (u ..
functions, thatis g, = Z( A ). It is important to note that g > 0.
k=1

The surface area on the domain D is equal
D

And consequently,
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\/gdulduz...dum

[[[ -] e dumdu,..du, (3.7)

P(C cdA) =

On the other hand, a probability of entering of any point C' on a surface area element dA

can be also defined as

P(CcdA)= f(u,,u,,..,u,)dudu,..du,, (3.8)

where f(u,,u,,...,u, ) is the required density function of the joint distribution of parameters

U, ly,..nll, .

Taking into account expressions (3.7) and (3.8) we obtain the required density function of

the joint distribution of values of the parameters u,,u,,...,u, which corresponds to the uniform

distribution of points on surface

Jz

_ 8
Sty hy) = J.J.J....J.\/;dulduz...dum . 39)

By generating the values of wu,,u,,..,u, with the help of the obtained

function f(u,,u,,...,u, ), and then finding corresponded coordinates of points, we obtain uniform

m

distribution of points on the considered surface.

4. Generating multi-dimensional random variables by using a known density function
of the joint distribution

Various methods are used to generate values of one-dimensional random variable by using
a known density function of distribution, see [4]. For example, the inverse-transform method can
be applied in the cases when the probability distribution function can be obtained analytically.
However, application of this method meets difficulties in the cases of multi-dimensional
distributions of dependent random variables. A universal method for generating values of one-
dimensional and multi-dimensional random variable is the acceptance-rejection method known
also as Neumann’s method [4].

Firstly, let us consider the acceptance-rejection method on the example of one-dimensional
random variable values generation by using function of the joint distribution. Then we consider a
generalization of this method for multi-dimensional random variable generating by using a

known density function of the joint distribution.
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Fig. 4.1. llustration of acceptance-rejection method for one-dimensional random variable
generating with the help of the density function of distribution

In the case of generation of one-dimensional random variable values generating, the
acceptance-rejection method consists in the following steps (see fig. 4.1):

1) The density function of distribution is placed in the rectangle such a way as it is
shown in figure 4.1;

2) One generates random point with coordinates x=(b—a)Random+a,
y =cRandom , where Random is random number with uniform distribution on interval (0,1) ;

3) The obtained point is accepted if it lies below the curve of density function of
distribution. Otherwise, the point is rejected (see fig. 4.1);

4) One then repeats steps 2, 3.

In application to multi-dimensional cases the generation procedure is unchanged except
one take into account changes in the dimensionality of space. For m -dimensional random
variables corresponding to our case the procedure is carried out in the (m+1) - dimensional
space. In this case, the algorithm is implemented as follows:

1) One finds max f (u,,u,,...,u, ) - maximal value of function f(u,,u,,...,u,) on the
D

. _ min max min max min max
domain D ={u™" <u, <u " ,u,"" <u,<u,,.,u,  <u, <u ' }.

2) m random numbers u! = ("™ —u,"" )Random+u,™"
u;) =(u,"™ —u,"" )Random+u,™ , ..., u:; =(u,™ —u,™ )Random+u, ™ are generated, where
Random is random number on interval (0,1) ;

3) If f@,uy,..u) > Random-mglx f@u,u,,...,u,) , the point is accepted (here,

Random is also random number on interval (0,1) ). Otherwise, the point is rejected;

4) One repeats steps 2, 3.
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It is very important to note that in this algorithm the function f(u,,u,,...,u,,) \/E can

. . NES . .
be used instead of the function f(u,,u,,...,u, )= . It is possible because
f J.J.J....J.«/gdulduz...dum
D

f@,uy,...,u)) > Random-max f (u,,u,,
D

i, ) <=>

=i o
g Hj...j\/gdulduz...dum - > Random: s j_” I\/_du du,..du,, =
D

This allows simplify the calculations.

By generating the values of u,,u,,...,u,, with the help of density function f (u,,u,,...,u,,)

using described in this section multi-dimensional acceptance-rejection method and then finding

corresponding coordinates values of coordinates of points; we obtain uniform distribution of
points on the considered surface.

5. Uniform distribution of points on curves

When m =1 we have the curve in R", and the matrix of the metric tensor has form

(gl;,') :(gu) >

where
Z(axk(ul) ox, (u, )) (axl(ul)) (a)cz(ul))2 +m+(axn(u1))2 ’
= oy ou, u, ou, du,
or in a more conventional form, when u, = ¢, it can be rewritten as
ox, (1) 8xk (t) axl(t) ox, (1), ox, (1) »
;( E )= (—=)" +( S ()

Thus the density function for uniform distribution of points on curves is equal
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\/(axl(t>)2+(ax§(t>)z+m+ CAGN
- t ot
JO= J 2
f\/< (0 A0, 050,
t ot ot
In three-dimensional space we respectively have
\/ ( ax(t) ay(t)) (8z(t))z
TO=5 Dy 0 aa(tt
\/( x( ’ >) (Zt))z‘”

In figure 5.1 uniform distribution of points on planar curve is shown. The curve is defined

by parametric equations

6—1000—4,25)2

x(t)=t, y(t)=-10 +sin 6t —2sint +2, z(t) =0,

where < [0,10].

N\
f\ Uf\ /
\ x‘r\ f/\/ . \\. ,."r\\. t[\
A ‘.\;}’ 5 L ‘\a.; \jf 0

Fig. 5.1. Uniform distribution of points on planar curve

In figure 5.2 uniform distribution of points on Viviani's curve is shown. The Viviani's

curve is defined by parametric equations

xX(t) = R(1+cos?), y(t) = Rsint, z() = 2R siné,

where R=1,te[0,4r].
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Fig. 5.2. Uniform distribution of points on Viviani's curve

6. Uniform distribution of points on surfaces in three-dimensional space

When m =2 and n = 3 we have the surface in R*, and the matrix of the metric tensor has

[ 8 82
(glj)_(gn gzzj'

LU )= \/g
o Iy...j\/gduld%...dum

[ 2
Fuu) = 8118n gzlz '
”\/ 81182 ~ &, dudu,

D

form

The function f(u,,u,,.. can be written as

Taking into account that g, =FE, g,=g,=F, g, =G are the coefficients of the first
fundamental form of surface, the function (6.2) can be rewritten

JEG - F?

J.J.\/EG—deudv'

D

fu,v)=
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This function was already obtained in [5]. Thus we obtain the result of [5].
In figure 6.1 uniform distribution of points on surface of torus is shown. The surface of

torus is defined by parametric equations
x=x(u,v)=3+cosu)cosv, y=y(u,v)=(3+cosu)sinv, z=z(u,v)=sinu,

where 0<u <27, 0<v<2r.

Fig. 6.1. Uniform distribution of points on surface of torus

In figure 6.2 uniform distribution of points on surface of Klein bottle is shown. The

surface of Klein bottle is defined by parametric equations [6]:

x=x(u,v) :—%cosu(Scosv+55inucosvc0su—SOsinu—6Osinucos6 v+9Osinucos4 V),

y=yu,v)= —% sin u(SOcosvcos7 usinu +4SCosvcos6 u —SOCosvcos5 usinu —

b

—48cosv cos4 u—5cosv cos3

usinu—3cosv0032u+55inucosvcosu+3cosv—6OSinu)
2 . .
z=2z(u,v) :Esmv(3+551nucosu) ,

where —7/2<u<sn/2,0<v<2x.
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Fig. 6.2. Uniform distribution of points on surface of Klein bottle

7. Conclusions

The proposed method can be applied for uniform distributions of points on various
parametric surfaces and hypersurfaces. The method of G. Marsaglia is very simple and reliable,
but it can be applied only for hypersphere, while the area of possible application of the proposed

method is much wider.
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